In this article, we devote ourselves to building a stabilized finite volume element (SFVE) method with a non-dimensional real together with two Gaussian quadratures of the nonlinear incompressible viscoelastic flow equation in a two-dimensional (2D) domain, analyzing the existence, stability, and error estimates of the SFVE solutions and verifying the validity of the preceding theoretical conclusions by numerical simulations.
Introduction
We assume that ⊂ R  denotes a bounded open domain and consider the D nonlinear incompressible viscoelastic flow equation (see [] ).
Problem I Seek σ = (σ l,n ) × and u = (u x , u y ) T together with p that satisfy
Certain phenomena, such as the complicated rheological phenomena and the magnetoelectrical phenomena (see [-]), can be described with the nonlinear incompressible viscoelastic flow equation, i.e., Problem I. Therefore, it is worthy to study the equation.
Even it can not be usually solved so that one has to find its numerical solutions. Recently, a stabilized mixed finite element (SMFE) method of Problem I has been posed in [] . However, for all we know, there has not been any report about the SFVE method for the D nonlinear incompressible viscoelastic flow equation, i.e., Problem I. Hence, in this study,
we devote ourselves to building a SFVE method for the D nonlinear incompressible viscoelastic flow equation, i.e., Problem I. In particular, comparing with the SMFE method in [] , the SFVE method here has more merits; for instance, it can easily proceed and supply adaptability for dealing with complex domains (in fact, it could be changed into the finite difference scheme to implement the numerical computations, but one can proceed the theoretical analysis by means of the SMFE method) and can maintain local mass or other conservation laws. Therefore, it would be more effective than the SMFE method in [] .
Though some SFVE methods for the steady Stokes equations, time-dependent NavierStokes equations, time-dependent parabolized Navier-Stokes equations, and timedependent incompressible Boussinesq equations (see [-]) have been set up, these four types of equations are thoroughly different from the D nonlinear incompressible viscoelastic flow equation here, which includes the unsymmetrical stress matrix complexly coupling with flow velocity. Thus, the study of the existence and convergence for the SFVE solutions of Problem I is confronted with more difficulties, needs more technique, and has greater challenges than the existing methods as aforesaid. However, Problem I holds certain particular applications. Hence, in this article, we first review the weak and the time semi-discretized solutions of the D nonlinear incompressible viscoelastic flow equation in Section . We then build the SFVE method with a non-dimensional real and two Gaussian quadratures of the D nonlinear incompressible viscoelastic flow equation and analyze the existence, stability, and error estimates of the SFVE solutions by means of the SMFE method in Section . Next, we employ some numerical experiments to validate the validity of the preceding theoretical conclusions in Section . Finally, we draw some conclusions in Section .
Review of the weak and time discretized solutions of the 2D nonlinear incompressible viscoelastic flow equation
The Sobolev spaces together with their norms applied thereinafter are classical (see [] ).
Thus, the weak form of Problem I is the following.
The above 
where β >  is the real. Set
By the same approach as the proofs in [, ], we can acquire the following.
Theorem  When the original value pair
Let N be the integer, k = T/N the time step, and ( 
The following conclusion for Problem III was proved in [] . 
where C represents a positive real independent of k. In addition, when the solution
Remark  Conclusions () and () in Theorem  signify that the time semi-discretized solutions to Problem III are stable and attain the optimal error estimates in time. In addition, by the regularity, we know that, when the original value pair (σ  , u  ) is suitably smooth, the solutions to Problem III are bounded so that the conditions ∇u
3 The SFVE method of the 2D nonlinear incompressible viscoelastic flow equation
FVE format
In this subsection, we directly build the SFVE format by the time semi-discretized format, i.e., Problem II. Thus, we can bypass the semi-discretized SFVE method about the spatial variables such that our theoretical analysis becomes simpler and more convenient than that in [] .
Let h = {K} represent the quasi-uniform triangulation of¯ , where The trial subspaces for the unsymmetrical stress matrix and velocity together with pressure are, respectively, chosen as follows:
, we acquire the following:
the above C denotes a positive generic real independent of k and h. The test subspacesW h together withH h for the stress matrix together with flow velocity are separately taken as follows:
where P  (V z ) is the constant space on V z spanning by
With the interpolation theorem (see [, ]), we acquire
Then the SFVE format with a non-dimensional real and two Gaussian quadratures is read as follows.
where
δ >  denotes a non-dimensional real, K,j f (z) dz (j = , ) represent two suitable Gaussian quadratures on K that are accurate for j (j = , ) degree polynomial, and f (z) = p h ϑ h is a polynomial of degree ≤j.
Therefore, when the test function ϑ h ∈ M h and j = , the trial function p h ∈ M h has to be a piece-wise constant. Hence, we define a map π h :
It is obvious that the map π h satisfies (see [] )
Furthermore, by the map π h , D h (·, ·) may denote the following:
The existence and stability together with convergence of the SFVE solutions
For the sake of analyzing the existence and stability together with convergence of the FVE solutions, we need to use three lemmas (see [, , , ]).
Lemma  The following equalities hold:
is symmetric, positive definite, and bounded, i.e.,
Lemma  There are the following conclusions:
Lemma  (Gronwall's inequality) When three sequences {α i }, {β i }, and {μ i } are positive and {μ i } is monotone such that
.).
Remark  For matrix functions, Lemma  is still correct.
The FVE solutions hold the following existence together with stability. 
Theorem  Under the same conditions of Theorems
Proof Due to () being a linear equation, for the sake of proving that it has a unique set of solutions {σ 
in (), when ∇u i- h
,∞ ≤ α, using Lemma , the Hölder inequality together with the Cauchy-Schwarz inequality, we acquire
Thus, from ( -kα) > , we obtain
Therefore, when σ  = 0, () has only the zero solution. Thus, () has a sole set of solutions {σ 
SetÃ
By using the SMFE methods of the D time-dependent Navier-Stokes problems (see, e.g., [, , ]), we obtain the following.
Lemma  Assume that
(S h u i , Q h p i ) ∈ H h × M h
is a Navier-Stokes projection for the solu-
Then we have
lem III, the error estimations hold
Remark  As a matter of fact, () together with () constitute a system of error equations between the SMFE format and the time semi-discretized format of the timedependent Navier-Stokes problems. Therefore, () and () are directly acquired with the SMFE method (see, e.g., [, , ]).
With the standard FE method of the D elliptic equations (see, e.g., [, ]), we can obtain the following lemma. 
Lemma  Assume that R h : W → W h denotes a generalized Ritz map, namely, for known u
The convergence of the SFVE solutions of Problem IV is as follows. × , then we achieve the error
Theorem  Under the same conditions of Theorems
Proof First, by Problem III subtracting Problem IV and taking ϕ = ϕ h , ϑ = ϑ h , and χ = χ h , and then using Lemmas  and , we acquire the following error system:
h . With (), (), and (), we obtain
By Lemma , the Hölder and Cauchy-Schwarz inequalities, and Theorems  and , we have
, by Taylor's formula, we acquire
, by the property of the map π h and (), we obtain
, and Lemma , we acquire
By combining () and ()-(), we acquire
, by summing () from  to i, we acquire
By Gronwall's Lemma , from (), we acquire
Extracting the square root of () together with utilizing
Thus, using the triangular inequality, Lemma , and (), we acquire
h . By () and Lemma , we acquire for the SFVE and SMFE numerical solutions of the flow velocity u, pressure p, and stress This signifies that the SFVE method here is more effective than the SMFE model in [] for solving the D nonlinear incompressible viscoelastic flow equation. The error curves for the SFVE solutions also expressed that these numerical simulating conclusions were in agreement with those theoretical ones because no error was greater than  - .
Conclusions
In this study, we have directly set up the SFVE format with a non-dimensional real together with two Gaussian quadratures by means of the time semi-discretized format of the D nonlinear incompressible viscoelastic flow equation. Therefore, we can not only bypass the semi-discretized SFVE technique with respect to the spatial variables, but can also remove the limitation of Brezzi-Babuška inequality so that the theoretical study here is more convenient than other existing methods used in the time-dependent Navier-Stokes problems (see, e.g., [, , ]). We have analyzed the existence and stability as well as convergence for the SFVE solutions and verified that the SFVE method is more superior than the SMFE method by comparing their numerical simulation results, too.
